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III.1 : The « self-energy » correction
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The self-energy problem (1)

» Let us add an electron to an otherwise neutral solid...

This electron repells nearby
valence electrons, thus leaving
partially « naked » ion cores
around him.

The electron is thus « clothed »
by a cloud of positive charges
(also known as a )
that screens its interactions with
the other particles. This Coulomb
hole follows the electron
travelling in the solid.

lon cores Coulomb hole
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The self-energy problem (1)

» Let us add an electron to an otherwise neutral solid...

lon cores Coulomb hole

» The charge q = —e(1-1/g,) cast out from the Coulomb hole is expelled to « infinity »
and does not interact any more with the additional electron...
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The self-energy problem (l11)

OOOOgO » In finite-size nanostructures
00000000000 however, the charge cast out
00000000000 from the Coulomb hole is
QOOC A D O0000000 expelled onto the surfaces of
O0C ? Q@@QQQQQQQQQ the system, and thus still
OO00O OO0OO0O0OO0OO0OOOO0OO interacts with the additional
OOOO§§OOOOOOOOOOO electron...
OO00O OO0OO0O0OO0OO0OOO0OO
OO00O0O0OO0O0OOO0OOOOOOOO . .
00000000000000000 —The interaction of the electron
0000000000000 0000 with the so-called 11712
Q000000000 OO0OOOOOO it has induced
O00000000000000O0O on the surfaces of the system
Q0000000000000 is responsible for large «
OO0OO0O0O0OO0O0OO0OOO0 » corrections to the
OOO0OO0OO0OO0OO0OO0O0O electronic structure.
OO0OO0O0OOO00OO
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Classical electrostatics (1)

out

where C is a constant such that limV(r)= lim V(r),ie:

€ €
+
R &,R

C=-
Eout
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4rg, r°E(r)=—4ze if r <R
4re,, F°E(r)=—4me if r>R

=

» Gauss theorem for a single electron at the
center of a nanocrystal with radius R and
dielectric constant g, embedded in a
medium with dielectric constant &, :

r-R—

[ E-dS =4ar’s(r)E(r) = 42Q, = —4ze

r->R*

V(r):—i+C if r<R

Einl

V(r)=- if r>R

Eqnl

out
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Classical electrostatics (1)

out

» The potential created by the electron can be split in two parts V(r) = V,(r)+ V(r),
where :

V,(r)=—"" V,(r) is the potential created in vacuum by
Einl the electron plus its « local » Coulomb
hole.
1 1 % if r<R
V. (r)=1 fin Cou V(r) is the potential created in vacuum by
1 1. onr the (uniform) image charge distribution at
& Equ )T the surface of the nanocrystal.
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Classical electrostatics (lll)

11 £ if r<r
gi gu

VD=1
———=1if r>R
gin gout r

is actually the potential created in vacuum by a

. 1 1 e
surface charge densit = -~ .
J Y s [3- }47;R2

In gOUt

f g = 1, 47R%0, = —e(1-1/g,,) is the charge expelled from the Coulomb hole around
the electron. In particular, the total charge of the system (electron + Coulomb hole
+ surface image charges) is —, so that the potential outside the nanocrystal is just
V(r) =—e/r.
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Classical electrostatics (1V)

\ [ (1 1

R % if r<R
gi gu

Vi(r)=1 1” 1 .
———=1if r>R
Ein Eout r

is actually the potential created in vacuum by a

surface charge density o, =[ 1 1 } ©

E: ArR?

In gOUt

2 f ¢

ut = L 47R%0, = —e(l/g,, —1/¢,) can be seen as the charge q = —e(1-1/s,)
expelled from the Coulomb hole plus a charge q’ =e(1-1/¢,,) brought by the
embedding medium to screen the electron. In particular, o,=0 if &, = g
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Classical electrostatics (V)

» Generalization : The potential
created at point r’ by an electron at
point r in a nanocrystal with radius R
and dielectric constant &, embedded
in a medium with dielectric constant

Eout IS
Cout V(r,r)=V,(r,r)+V,(r,r)
where :
e
Vo (rr)=-
b( ) <. ‘I’ . r.‘

We, — eou 1|1 P, (cos®)

ifr<R andr'<R
in [gout + n(‘c"in + gout )]R2n+l ) )

<
—~
_ﬂ
-
~
|
D
N
—~
-
+

>S5

I

o
%)

P,(x) is the Legendre ploynomial of order n (cf. spherical harmonics).
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The self-energy correction : semi-classical theory ()

@)
00000000
0000000000
OCO00O0OO0O0O0OO0O
)0 ﬁﬁgngOOOOOO
ooC T 000000000
0000 00000000000
OOOO§§OOOOOOOOOOO
0000 00000000000
O0000O00OO0O0O0O0O0O0OOO0
0000000000 O0OOO0OOO
0000000000 OOOOOOO
Q00000000000 OO0O0OOO0
Q0000000000000 0O0
Q0000000000000
Q00000000000
Q000000000
00000000
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» Let us consider an additional electron

at point r. This electron creates at
point r’ a potential :

V(r,r’) = Vy(r,r) + Vy(r,r’)

where V(r,r’) = —elg, |r—r|is the
potential created by the electron plus
its Coulomb hole and V(r,r’) is the
potential created by the surface image
charges. The latter thus act back onto
the electrons with a potential :

Ze(r) = —€V,(r,r)

A more refined theory where the
electron is introduced « adiabatically »
into the system actually yields :

Zo(r) = —€V((r,n/2
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The self-energy correction : semi-classical theory (l1)

Lowest electron state

&

out —

- gin

AE

Lowest elgctron state

8out < gin

AE

Lowest elgctron state
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The self-energy correction : semi-classical theory (lll)

gout > gin gout - gin ‘9out < gin
) +
n +
i +
AE AE AE

Lowest elgctron state

Lowest elgctron state

Lowest electron state

Highest hole state

Highest hole state

Highest hole state
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The self-energy correction : semi-classical theory (1V)

The hole feels a potential X, (r) =— X, (r) !!

AE

Lowest electron state

Highest hole state

AE

Lowest elgctron state

Highest hole state

AE

Lowest elgctron state

Highest hole state
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The self-energy potential X (r) (1)

3 I ] I I LI I

25+ R=143nm; &,=7.56; g, =1

2_

1.5F

l -

2 [eV]
o
n

r [nm]

» The semi-classical self-energy potential Z(r) is positive inside the nanocrystal...

e2 = (n+1)g, —& )Mzn
5, (r)=—2V,(rr)=" “n "ol ifr <R
2 2 n=0 €in [gout + n(‘9 + Eout )]R "

DSM/DRFMC/SP2M/L_Sim Hanoi, 16/12/2005 16:44:15

176



The self-energy potential Z(r) ()

3 I ] I I LN I

25+ R=143nm; &,=7.56; g, =1

2_

1.5F

l -

2 [eV]
o
n

_2 1 1 | 1 | 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4

r [nm]

» ...negative outside (the electron polarizes the nanocrystal and attract positive
charges on its side),...
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The self-energy potential X (r) (III)

3 I ] I I LN I

25+ R=143nm; &,=7.56; g, =1

2_

1.5F

l -

0.5

2 [eV]

_2 1 1 | 1 | 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4

r [nm]

» ...and diverges as the electron approaches the image charges at the surface of the
nanocrystal (this divergence actually disappears in a more refined many-body
approach).
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First-order perturbation theory (I)

» Let :

o,(r)and &, be the lowest electron wavefunction and energy
¢, (r)and g, be the highest hole wavefunction and energy

... without self-energy potential. The first-order self-energy corrections read :

{Ee = & +<(pe ‘Z‘¢e>
E, =¢, _<¢h ‘2‘¢h>

where 2(r)=2,(r)=-2,(r)

AE

e

Lowest elgctron state

Highest hole state

&h

DSM/DRFMC/SP2M/L_Sim

Lowest elg

Highest I

ctron state

ole state

e
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First-order perturbation theory (lI)

» We can hopefully get a reasonnable approximation for {¢,|Z|@,) and (¢,|X|@,) using
an effecive mass ansatz for the wavefunctions ¢,(r) and ¢,(r) :

\\\\\\\\\\

o(r)= \/_%sm{—r} if r<R
p(r)=0if r>R

Then,

(0[=lp) = [d*re(r)p(r)’ = 4z dre(r)o(r)

where :

2n

i (N+1)g, — &, )

eZ
2 n=0 €in [8out + n(g +gout )]R2n+1
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First-order perturbation theory (lll)

» This finally yields, in the limit g, + ¢

out >> 1’

(&) {Ee =at i) where 2(r)=X2,(r)=-2,(r)

E, =¢, _<(0h ‘Z‘¢h>

and :

1 1 1 e2 e2 E —&
> ~ D ~ = i 47 in out
<¢e‘ ‘¢e> <¢h‘ ‘¢h> (6‘ j R +0 ginR[gin +gomj
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First-order perturbation theory (V)

(@ [Z|pe) = (@ [Zn) =

» The self-energy corrections open (resp. close) the quasiparticle gap when &, > &,

1

2

out gln gi

2 2
LN Y, Y
& in ) R Rle

in — Cout j
in + ‘9out

ut

(resp. g, > &,). [hey decrease in 1/R, slower than quantum confinement. They
are thus far from negligible in most experimental setups !!

Lowest electron state

Highest hole state

<g¢

& out

in

Lowest elgctron state

Highest hole state

&in = Sout

AE

Lowest elgctron state

Highest hole state

&in > &

ut
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Application : InAs nanocrystals

oF :
O o) TB 3
—_ o O ST™
E 1.8- O
2 s Bandgap energy without
-y 1.6 51:(13)( self-energy correction |
=L
& (&n = Eout)
g 1.4+ % - in ou
) @:D@
E‘: 12F o O
28 o]
. ao
g 1} © =
= %agy
Co
0.8}
0.8 . . . . . 0.25 . : — ;
(92| @,) and (@ |Z| @) for € =1 (@Zlp.y and (pZl) @as i R=3.2nm
0.7 g =1 : 02}k a function of &, for ! 1
R=3.2nm i
0.6} i
0.15} i
1
= 09 = |
N 2 ol i
W 04f A :
0.05} !
0.3F I
1
0.2} or ; .
!
1 1 1 1 1 1 ' I 1 1
0'11 1.5 2 2.5 3 35 4 _0'050 5 10 15 20
Radius R (nm) €
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Quasiparticle and excitonic gaps

guasi-electron states¥

N quasi-hole statesy

DSM/DRFMC/SP2M/L_Sim

8N+3’8N+4

8N+1"9N+2

EN-11€N

EN-21EN-3

&€y

Difference between the first
lonization energy and the
energy gained by an
additional electron (electron
affinity).

Probed by transport
spectroscopies.

Lowest excitation energy.

Probed by optical
spectroscopies.

» The difference between the

two gaps is the exciton
binding energy e,.
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111.2 : The exciton
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The exciton in bulk materials (I)

electron

O0000OLOO0O0OO0OOO0OO00O
O00O0OLHLOOO0OO0OO0OOO0OO0O
OOC O0000O0OO0OO0O0OOO
OCA TOOO0OOO0OO0OO0OO0O0OO00O
O O0QOO0O0OO0O0O0OO0OO0OOO0
O0000O0QOO0OOOOOOOOO
0O000000VOOOOOOOOOO
O0000O00O0VOOO0OOO0OO0O
O0000O00O0O0HYWOOOOOOOO

The electron at r, and the hole at r,,
attract each other with an effective
Coulomb interaction :

eZ

W —
(re’rh) gr‘re _rh‘

provided |r,—r| is not too small.

The attraction reduces the energy of

Q00000000 OOOOOOOO .
O O O O O O O O O O O‘@ O O O O O O the electron-hole pair by the
OOOOOOOOOOOO_OOO o ? &y .
O0O0O0O0O0O0OO0O0OO0OOYOBLOO )
OO0 QO0O0F L OO0 V=E8Ns — &N — &
000 Center of mass 0000 . 00
OJOICICICICICICICICICICICIC(OICICIO NI 1= is (in a first
QOO0 O0OO0OOOOOOQQOVOOOO approximation) an hydrogenoid-like
OO0O0O0OO0OO0OOO0OOO0OOOVOOOOO bound state between the electron
hole and the hole.
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The exciton in bulk materials (1l)

» We assume that the independent electron and hole can be described by a single
band effective mass model :
AE
hZ
_Z—mZArel//e (re) = (ge — & )We (re)
hZ
+2—m;:ArhWh (ry) = (5h _5v)§”h (ry)

AV

The solution of these equations are indeed Bloch waves :

_ ﬁ ik T [ _ ik T ]
Eg =&+ Zm* and We(re)oce gpe(re)_z//e(re)<re\c>oce <re\C>

e
21,2

h k ikn-n ik
&h =&y — 2m*h and y, (r,) oc "™ [¢h(rh):l//h(rh)<rh‘v>ocekh h<rh‘v>]
h

We now introduce the electron-hole pair energy ¢= ¢, — §, and « uncorrelated »
envelope function y(r,, r,) = w.(r.) w(r,), which satisfy :
2 2

h h
—— Ay, n)——=A w(r,r)=\—¢&, p(r.,r
2me el)y(e h) 2mh hW(e h) ( g)‘//(e h)
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The exciton in bulk materials (l1)

» We last switch on the screened Coulomb interaction between the electron and the
hole :

eZ

W(r,,r,)=———

‘9r‘re _rh‘

The electron-hole pair energy ¢ and envelope function yAr,, r,) now satisfy :

2 2 2

h h e
——A y(r,n)——=A y(r,n)-—————y(r,r)=l-¢ r.,r
2me el//(e h) th hW(e h) r‘e_rh‘l//(e h) ( g)‘//(e h)

y(r,, ) can not be written any more as a product yAr,, ) = w(r.) () of one
electron and one hole wavefunction. Still, the center of mass motion can be
decoupled from the relative motion of the electron-hole pair. Let us indeed
introduce :

-

m
r=r,—r, r,=R+—"—r
* * me+mh
m my, — .
R: * = *re+ * *rh m
m, +m, m, +m, n=R-————"—r
| m, +m,
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The exciton in bulk materials (V)

r=r,—r, r,=R+ L I
' ) m, +m,
m; m =9 ) and y(r,,r,)=y(R,r)
R=—2—or+—"—r, m,
m, +m, m, +m, n=R- =
m, +m,

» We get :

h? h2
e R,r)=\¢- R,r

- -4, H w(R.1)=(e =2, /(R)

2 *2 2

_h *me L A w(R,r)

2m, (m +mh) e

o om? ’
B (R~ Ay (RN~ (RN =(e—e, W (R.T)
o, (m; +m:f " ‘ |

h® m+m, i1 1
- ArV(R, r)——( *+_*JArW(R1r) SR =(e—g (R,)

2 (m +mh) 2 e rnh ‘ ‘
__® RO- " AuR, r)—— (Rr)=(s—, W(R,r) where = = =+ *

2 m* mh Rl// rl// ‘ ‘ ) g ’ ,Ll* * m:
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The exciton in bulk materials (V)

2 2 2
e

h h
- * *A Rl - *Ar Rl T R1 = - Rl
Ao ) v (R,r) . w(R,r) gr‘r‘w r)=(s-&, W (R,r)

* R and r are uncoupled : we can indeed split {R,r) = y, (R)u(r), €= &+ &, — &
and solve :

2

[ n
_mARWm(R) =&n¥m(R)
4 [S] h

2 2

h e
- —*Arl//x (r) —— ¥ (r) ==&y (r)
| 2u g r\

/

The solution of the center of mass equation is just :

h°K? -
£, =1+ and y_(R) ce™"
Zime+mhi Vn(R)

where K is an arbitrary wavector. The ground-state energy for the center of mass
motion is thus :

0
en =0
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The exciton in bulk materials (V1)

2

([ n
—WARVM(R) =&n¥m(R)
4 e h

2 2

h e
- —*Arl//x (r) —— ¥ (r) ==&y (r)
| 2u g r\

/

» The equation for the relative motion of the electron and hole is similar to the

hamiltonian of the Hydrogen atom, with m, replaced by x" and e? replaced by e?/g,.
The ground-state wavefunction and energy for the relative electron-hole motion are

thus :

( 4
g = 2;‘5 5 [the exciton binding enerSJY]
gl’

2

\(Dx (r)=ﬁ 1
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The exciton in bulk materials (VII)

» Let us summarize : The lowest electron-hole pair energy and wavefunction are :

,ue4
h2g?

0 0 0 0 : : JE
E=¢Eytén—& =6, —& Where g, = is the exciton binding energy,

2
—r|/a, hee, . . .
w(R,r)oce"'® wherea, = 1 is the excitonradius.

L

Alternatively,

—|re—rh|/ay

l//(re’rh)oce

This wavefunction describes a bound electron-hole pair freely moving in the solid.

» Application : The exciton in GaAs.

(m. =0.067m,
{m, =0.45m, = u =0.06m,,&) =6.7meV and a, = 9.7 nm
g =11
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The exciton in bulk materials (VIII)

electron

0000000000000 00000 g
0000000000000 00000
0OC 4900000000000 00
004 Q0000000000000
0lb00Q000000000000
000000QO00000000000
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OIGICICICICICICIOIOIOI0I01040)0)

O0000O00O0OO0OOHYOOO
O0000O0O0O0O0O0OHOOOOO

hole
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) 0000
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Confining the exciton

L>>a, L <a,

i
|
|
|
, |
j :
4 I
4 I
/
/ |
/ |
’ l
/7
’ |
y
% | O
|
|
|
.
d
7/

Center of mass confinement Laterally squeezed Single-particle
exciton confinement

» When all the dimensions of the system become significantly lower than the bulk
exciton radius a,, the Coulomb interaction can not efficiently couple any more the
motion of the electron and hole because their kinetic energy is too high. Thus,

or, ry) = ¢ (ro)e (ry) [Uncorrelated electron-hole pair]
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The exciton in nanocrystals (1)

» In a nanocrystal, the electron
interacts with the hole and its
cloud of screening charge,
including the image charges at
the surface of the nanocrystal.
The effective electron-hole
interaction is thus :

W(r,r’) = Wy(r,r’) + Wy(r,r’)

where W, (r,r’) = —e¥s, |r—r’|
and W,(r,r’) is the interaction
with the surface image
charges.
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The exciton in nanocrystals (Il)

» Since the diameter of the nanocrystals is usually much lower than the bulk exciton
radius a,, we may deal with the electron-hole attraction using first-order
perturbation theory, which amounts to assume :

o(re, ry) = ¢ (ro) e (ry) [Uncorrelated electron-hole pair]

The exciton binding energy then reads :

&, =(pW|p)
= IdBr'fd3r'(pe(r)(ph (r'W(r,r)e, (r)e,(r)

= [e[arlo ()W r o)

Using again an effective mass ansatz for the wavefunctions ¢,(r) and ¢,(r) :

o(r)= \/_%sm{—r} if r<Rande(r)=0if r>R
as well as:
X -
W(r,r)=- —e?y’ (n+ ety — ou J'r "y (c050) ifr<R andr'<R

‘r r‘ n=0 Ein [8out + n(g +gout )]RZH 1
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The exciton in nanocrystals (lll)

» We finally end up with :

( 1 0.79Je2
E, = + —
g & R

out in
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Application : InAs nanocrystals

1.6
14t Exciton binding energy out |
for g, =1
1.2t
<)
>
L
N—r
o 08
w
0.6}
0.4
0.2 - - - . .
1 1.5 2 25 3 3.5 4
Radius R (nm)
0.5 . :
Exciton binding energy R =3.2nm
0.4} as a function of &, for
R=3.2nm
< 03
z &
1 0.79])e 2
M L e & 02}
Eout €in
0.1
0 ' . . ,
0 5 10 15 20
€out
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From the tight-binding to the optical gap (1)

» Let :

... without self-energy potential. The first-order self-energy corrections read :

|
|

¢,(r)and &, be the lowest electron wavefunction and energy
¢,(r)and g, be the highest hole wavefunction and energy

E. =& +{p. ¥ ¢.)

. 6~ 5], where 2(r)=2,(r)=-Z,(r)

while the first-order excitonic correction read :
£, =jdigrjd3r'\goe(r){2W(r,r')\(ph(r')\2

Using effective mass wavefunctions one gets :

DSM/DRFMC/SP2M/L_Sim

( 1( 1 1)e? 2 (. _
<¢e\zm>z<¢h\2\¢h>z—(—-_j%+o.47 : [ )

<
( 1 o.79je2
E, = —+— |—

2 gout gin ginR gin+gout

X

gout & in R
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From the tight-binding to the optical gap (Il)

» The optical gap is thus :
hv=E,-E, —¢,
= &, H(0o[2] 00) ~ (0 + (@[ o)~ &,
=&, — &, +2(p|Z] @) — &,

1.79¢° B 0.94e° (&, — &,y
&qR &nR

gin + 8out
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